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Figure1: Top: Pinholecameraimagefrom an upcomingfeature Im. Bottom: Sampleresultsof our depth-of- eld algorithm basedon
simulateddiffusion. We generateheseresultsfrom a singlecolor anddepthvalue per pixel, andthe abose imagesrenderat 23—25frames
persecond.The methodis designedo produce Im-pre view quality atinteractve rateson a GPU. Fastpreview shouldallow greaterartistic

controlof depth-of- eld effects.

Abstract

Accuratecomputationof depth-of- eld effectsin computergraph-
icsrenderings generallyverytime consuminggreatingaproblem-
atic work ow for Im authoring. The computationis particularly
challengingbecausét depend®n large-scalespatially-\arying |-
tering thatmustaccuratelyrespectomplex boundaries A variety
of real-timealgorithmshave beenproposedor gameshut thecom-
promisesrequiredto achieve the necessaryramerateshave made
themthemunsuitablegfor Im. Herewe introducean approximate
depth-of- eld computationthat is good enoughfor Im preview,
yetcanbe computednteractively ona GPU. The computatiorcre-
atesdepth-of- eld blursby simulatingthe heatequationfor a non-
uniform medium. Our alternatingdirectionimplicit solutiongives
rise to separablespatially varying recursve lters that can com-
putelarge-kernelcorvolutionsin constantime per pixel while re-
spectinghe boundariebetweerin-focusandout-of-focusobjects.
Recursie lters have traditionally beenviewed asproblematicfor
GPUs,but usingthewell-establishednethodof cyclic reductionof
tridiagonalsystemswe are ableto vectorizethe computationand
achieve interactve framerates.
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1 Intro duction

Depth-of- eld (DOF) effects are essentiain producingcomputer
graphicsimagerythat achiezesthe look andfeel of Im. Unfor-

tunately the computationsneededto computetheseeffects have

traditionally beenvery slowv andunwieldy As a consequencehe

effects are both costly to createand dif cult to direct. Here,we

attemptto improve the processof creatingDOF effects by intro-

ducinga high-quality preview that canbe computedat interactve

rateswith a GPU. Theimagequality shouldbe sufcient to allow

adirectorof photograpls to specify edit,andapprove apertureset-
tings and focus pulls interactvely, offering a far greaterlevel of

artisticcontrolthanhaspreviously beenavailable.In time,asGPU

speedsncreasethe methodmay alsobecomeof interestto game
developersdesiringa good-qualityinteractive result.




Mosthigh-endIm renderersisethemethodof distributedraytrac-
ing [Cook et al. 1984] to get accurateDOF resultsthat take into

accountthe varied pathsof light throughdifferentpartsof alens.
While themethodcertainlyproducesigh-qualityresultsit is slow,

andif thefocal planeor aperturearechangedall theray pathsare
altered,andtherenderingprocessnustberestartedrom the begin-

ning. Our goalis to usea muchsimplercomputatiorto geta good-
quality interactve preview that canbe usedto adjustandanimate
the relevant parameters.Oncethe parameterdhiave beenchosen,
distributedray tracingcanbe usedto computethe nal result.

Potmesiland Chakraarty [1981] introducedthe ideathat approx-
imate DOF effects canbe computedby post-processingnimage
renderedrom a pinhole camera. Sincethe imagefrom a pinhole
cameraonly containsinformation aboutrays that passthrougha
singlepoint,noamountof post-processinganmake up for thelack
of informationaboutotherraysandcreatea DOF computatiorgood
enoughfor high-endIm rendering Nonethelesdn mostcasesthe
pinholeimagedoescontainenoughinformationto producearesult
acceptabldor Im preview or gamepurposesFollowing Potmesil
and Chakraarty, we take the pinhole cameramagewith depthas
our startingpoint.

Photographerbave long known thata small spotat a given depth
will be blurredout in a camerato a size known asthe “circle of
confusior. Moreover, for ordinarylensesthe circle of confusion
dependsn a simpleway on the apertureandthe focal plane. Not-
ing this, PotmesilandChakraarty proposedlurring eachpixel by
its circle of confusionto simulateDOF effects. While the basicap-
proachis sound,the blurring mustbe donein a more carefulway
thanpresentedh theiroriginal papelin orderto avoid objectionable
artifacts. In particular caremustbe takento keepsharp,in-focus
objectsandblurry background$rom bleedinginto eachother

From a computationalstandpoint,one of the chief challengesf

rapid DOF computationis that out-of-focusregions can require
large kernelcorvolutionsto blur appropriately While thereareef-

cient waysof computinglarge kernel corvolutionsthat are well

establishedn graphics[Burt and Adelson1983; Williams 1983],

they cannoteasilybe madeto respectomples boundariedetween
in-focusandout-of-focusobjects.

Our approachis to achieve the necessanplurring by simulating
heatdiffusionin a non-uniformmedium. The basicideais to con-
vert the circlesof confusioninto varying heatconductvity andal-
low thepixel valuesin animageto diffuseasif they werea seriesof
temperatursamplesA key featureof thisformulationis thatwhen
theheatconductvity dropsto zero,theblurringwill stopdeadin its
tracks,preciselyrespectingpoundariedetweersharpin-focusob-
jectsandneighboringobjectsthatarevery blurred. By castingthe
DOF problemin termsof a differentialequation,t becomesnuch
easierto deal with the spatially varying circles of confusionthat
causesomary problemswith traditionalsignal-processingnd I-
teringapproachesOur solutionmethodis an alternatingdirection
implicit methodthatleadsto a seriesof tridiagonallinear systems.
Thesedlinear systemsffectively implementseparableecursve |-
ters,andcanbe computedn constantime per pixel, independent
of thesizeof thecirclesof confusion.

Therestof the papelis asfollows. In Section2, we discusgelevant
prior work. In Section3 we introducethe heatequationandshaowv
that solving it with an alternatingdirectionimplicit methodleads
to a seriesof tridiagonalsystems.In Section4, we describehow
to implementthis computatioref ciently on GPUhardware. Then
in Section5, we provide the resultsof runningthe algorithmon a
variety of scenes.

2 Prior work

Approachego computingDOF vary in the detail with which they
modelthelensandlight transporttheir performance-qualityrade-
offs, andin their suitability to implementationon graphicshard-
ware. Demersprovidesa recentsurnwey of approacheso the DOF
problem[2004].

In orderto generatea high-accurag result,a DOF computation
must combineinformation aboutrays that passthroughdifferent
partsof a lens. The accumulationbuffer [Haeberli and Akeley

1990] takesthis approachsimulatingDOF effectsby blendingto-

getherthe resultsof multiple renderingseachtaken from slightly

different viewpoints. Unfortunately the methodrequiresa large
collectionof renderinggo achiese a pleasingresult(Haeberliand
Akeley use23to 66), andthe enormousgeometriccompleity of

Im-quality scenesnakesthis prohibitive. It is not unusuafor the
geometryof Im-quality scenego exceedary available RAM, so
doing multiple passeghroughthe original geometryis out of the
questionfor interactve Im preview.

In orderto achieve interactve performancethereis little choice
other than to rely largely on the post-processingapproachof
Potmesiland Chakraarty [1981]. Their work hasinspireda va-
riety of algorithmswhich canbedividedinto two majorcateyories:

Scattertechniques(alsoknown asforward-mappingechniquesit-
eratethroughthe sourcecolor image,computingthe circle of con-
fusionfor eachsourcepixel andsplattingits contributionsto each
destinatiorpixel. Propercompositingrequiresa sortfrom backto
front, andthe blendingmustbe donewith high-precisionto avoid
artifacts. Distributing enegy properlyin the faceof occlusionsis
alsoadif cult task.Thoughscattertechniqguesrecommonlyused
in non-real-timepost-processingackage$Demers2004],they are
not the techniquef choicefor today’s real-timeapplicationspri-
marily becauseof the costof the sort, the lack of high-precision
blendingon graphicshardware,andthedif culty of conservingo-
tal imageeneny.

Gathertedhniques(alsoknown asreverse-mappingechniquesyo
theopposite:ithey iteratethroughthedestinatiorimage,computing
thecircle of confusionfor eachdestinatiorpixel andwith it, gather
ing informationfrom eachsourcepixel to formthe nal image.The
gatheroperationis bettersuitedfor graphicshardware than scat-
ter. Indeed,the mostpopularreal-timeDOF implementationgo-
dayall usethistechniqud?; Rigueretal. 2003; Scheuermanand
Tatarchuk2004;Yu 2004]. Nonethelesghegatheroperationis still
notverywell matchedo today's SIMD graphicshardwarebecause
of the nonuniformity of the sizesof the circlesof confusion. The
methodalsohasdif culty with edgediscontinuitiesandedgebleed,
neitherof whichis eliminatedin any publishedalgorithm.

Evenif efciently implementedon the tamget hardware, standard
gatherandscattettechniquesiave poorasymptoticcompleity be-

causethe amountof work they do is the productof the numberof

pixelsin theimageandthe averageareaof the circle of confusion.
For an n£ n image, thesealgorithmsare O(n*) which is clearly
problematidfor high-resolutionim-quality images.

In orderto bringthecomputationatostdown to alevel thatpermits
real-time performance someimplementationssuch as Scheuer
mannand Tatarchuk[2004], computelarge blur kernelsby down-
sampling.While thisis a perfectlysensiblecompromiseo achieve
adequateperformancdor gameson currenthardware, it comesat
theexpenseof artifactsthatareunacceptabléor Im preview. The
problemis thatexisting techniqueslo notallow large-scalélursto
be computecef ciently in waysthatrespecthecritical boundaries
betweenin-focusobjectsandthosethat are out-of-focus. As a re-



sult, theacceleratiormethodswill causaunacceptableolor bleed-
ing.

3 Heat Di®usion

Themainrequirementn DOF computationwith a post-processing
methodis to blur the imagewith a spatially varying Iter width
given by the circle of confusion. This posestwo key challenges.
First, while blurring, we mustmaintainaccurateand sharpbound-
ariesbetweenareasof the imagethat arein focusandthosethat
areout of focus. Secondjn orderto achieve interactve speedwe
mustbeableto computdargeblursef ciently . No existingmethod
meetsbothof thesechallengestonce.

Ourapproacho thesechallengess to computetheblurring by sim-
ulating the heatdiffusion equation. The imageintensitiesfrom a
pinhole cameraview in our methodprovides a heatdistribution
that diffusesoutward to producethe DOF image. Wherethe cir-
clesof confusionarelarge, we modelthe thermalconductvity of
themediumashigh, sothe diffusionwill extendoutwardto anap-
propriateradius. Wherethe circle of confusionreachesero, the
thermalconductvity will correspondinglybe zero,creatinga per
fectinsulatorthatcompletelydecoupleshe color of a sharpobject
from the color of anadjacenblurry object.

Consideran input imagex(u; v) which we wantto diffuseinto an
outputimagey(u; v). Thebasicheatequationcanbewritten

g(u;v>;’,—ty = N o(b(uv)Rly) )

whereb (u; V) is the heatconductvity of the medium,g(u;Vv) is the
speci ¢ heatof the mediumand N representshe del operatorin
termsof the spatialcoordinatesu andv. We will usethe input
imageto provide theinitial heatdistribution for the diffusion, and
thenintegratethehheatequatiorthroughtime to getablurredresult.

Therearea variety of numericalmethodsthat canbe emplg/edto
solve the heatequation,but only a well-suited methodwill pro-
vide adequat@erformanceThesimplestof all methodss to begin
with y(0) = X, evaluatethe derivative Ty=1t attime zero,andthen
take a stepwherey(Dt) = y(0) + Dt(y=1t). Unfortunately this
method,known asforward Euler's method,is unacceptablyslow.
Themethodyieldsa stepgivenby a smallFixed ImpulseResponse
(FIR) lter, andwith repeatedpplicationsit takesO(n?) FIR con-
volutionsto producea Iter with width proportionato n. In orderto
achieve betterperformancewe chooseanalternatingdirectionim-
plicit (ADI) solutionmethodPressetal. 1992],whichinsteadyives
rise to very ef cient separabldn nite ImpulseRespons€lIR) or
recursve lters. ADI methodshave beenusedpreviouslyin graph-
ics to simulateshallov water [Kass and Miller 1990] andin that
contet achieve constanttime per surfacesample,independentf
wave speed.

The basicideaof the ADI solutionof the heatequationis to split
the solutioninto two substeps.In the rst substepheatwill dif-
fusealongthe u axis. During the secondsubstepthe heatdistri-
bution will further diffusealongthe v axis. While ADI is a well-
establishedechniquefor solving differential equationsijt always
carriesa risk thatthe existenceof preferreddirectionsin the solu-
tion, u andv, may produceobjectionableanisotropiesn theresult.
With thediffusionequationhowever, theseanisotropiesurn outto
be particularlysmall. The exactsolutionof the diffusion equation
in auniform mediumaftera x edtimeis givenby the corvolution
of theinitial conditionswith a 2D GaussianSincea 2D Gaussian
cornvolution canbe computedexactly by a horizontallD Gaussian

convolution followed by a vertical 1D Gaussiarcorvolution, the
ADI approachs particularlywell-justi ed in this case.

In eachsubstepghe ADI methodmustsolve a 1D diffusionequation
givenby

Ty_ 1 Ty
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In an ADI approachgachof thesesubstepss computedwith an
implicit method.Thereis avastliteraturein the numericalanalysis
communityonimplicit methodsBaraf etal. [2003] provide atuto-
rial asthey relateto problemsn CG. For our purposesthesimplest
implicit schemeknown asbackwardsEuler, will sufce.

yt+ D i yt) _ fy— 3)
Dt T o

In contrastto the forward or explicit Euler methodmentionedear

lier, herethe time derivative Ty=1t is evaluatedat the end of the

step,ratherthanthe beginning. The resultis a setof simultane-

ouslinear equationdor the solutionwhich allows the diffusionto

propagtearbitrarily farin asinglestep.

We arefreeto chooseary unitsfor time andspacesofor simplicity,
we will chooseunitsin which Dt = 1 andthe separatiorbetween
pixels is unit distance. With theseunits, discretizingover space
with nite differencegields

g%%bi(ymi Yi)i b 1(vii Vi 1) 4)

If webegin with theinitial conditionsy; = x;, andthentake asingle
time stepusingtheimplicit Eulermethodof Equation3, we get

alyii %)= bi(yi+1i ¥)i bijavii Vij 1) ®)
wherebg = by = 0, sothattheboundaryof theimageis surrounded
by insulators.

In orderto setup Equation5 from aDOF problem we needo know
therelationshipbetweenb andthesizeof acircle of confusion.To
do this, considerthe situationwhere g is unit and b is uniform.
Then,Equation5 canbewritten:

Vii %= bi+1i 2+ Vi 1) (6)

Theright-hand-sideof Equation6 is the productof b anda nite

differenceapproximationto the secondderivative of y. Taking a
Fouriertransformof bothsidesandnotingthattakingn derivatives
in spacds thesameasmultiplying by (iw)" in frequeng, we obtain

§i %= b(iw)?y (7)
whichyieldsthefrequeng response

o 1
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of a Butterworth low-pass Iter. Traditionally Butterworth Iters
aredescribedn termsof a cutof frequengy w,

1 v
1+ (w=ug)2

y= ©)
andin theseterms,b = 1=wZ. The spatialwidth correspondingo

the diameterof the lter is just 1=w¢, sowe have b = d? whered
is thediameterof thecircle of confusion.



Figure2: Top: original pinholeimage.Bottom: imagewith simple
DOR

PotmesilandChakraarty [1981] describehow to computethe cir-
cle of confusionfor eachpixel from its depthandafull setof cam-
eraparametersi-romthis circle, we cannow computeb, andcom-
pleteEquation5.

Equation5 describesa symmetrictridiagonallinear systemof the
form:

0 10 1 0 1

by ¢ 0 Y1 X1
a b o Y2 X2

a3 bz c3 3 C-B X (10)
0 an bp Yn Xn

wherec; = @+ 1. Thetridiagonalstructureof the equationgesult
from the factthateachsamplein the 1D heatequationis coupled
only to thenext andprevioussample.

Unlike generallinear systems tridiagonal linear systemscan be

solved very efciently in constanttime per sample[Presset al.

1992]. Thetraditionalmethodfor doingthis is to factorthe matrix

into the productof a lower-diagonalmatrix andan upperdiagonal
matrixin aprocesknown asLU decompositionHaving computed
the factorsL andU, we areleft with the linear systemLUy = x.

Next, we computez= Uy from L andx by a procesknown to ap-

plied mathematicianas“forward substitution”andknown to peo-
ple in the signalprocessingvorld asthe applicationof a recursve

Iter. Then, knowing z, we computey from the equationLz = x

by a processknown to appliedmathematicianas “back substitu-
tion,” andto peoplein the signalprocessingvorld asthe applica-
tion of abackwardsrecursve lter . Fromasignal-processingoint

of view, the unusualthing aboutthe lters beingrun forward and

backwardsto solvethelinearsystenis thattheircoefcients change
over space properlytaking into accountthe boundaryconditions.
Becausehey arellR lters, the amountof work they do is inde-

pendenbf thesizeof the Iter kernel. While LU decompositions

aperfectlyreasonablevay to solwe tridiagonalsystemson a CPU,

it is poorly suitedto a GPU, so our actualimplementatiorusesan

equivalentbut differentmethodcalled“cyclic reductiort, described
in Section4.

The basicalgorithmfor heatdiffusion cannow be describedvery
simply. We begin with anRGBZimageandcalculatecirclesof con-
fusionfor eachpixel from the cameraparametersThenwe com-
putethehorizontaldiffusionby forming andsolvingthetridiagonal
systemof Equations, assuminghatthespeci ¢ heatgis uniformly
equalto one. Notethatthevalueof b; in this equationcorresponds
to the link betweenpixelsi andi+ 1. In orderto guarantedhat
pixels with zerocircle of confusionwill not diffuseat all, we use
the minimum circle of confusionat the two pixelsto generateb;.
Oncethe horizontaldiffusionis complete we usetheresultasthe
startingpoint for the vertical diffusion. Figure2 shows the results
afterbothdiffusionsteps.

3.1 Blurring Underneath

While the simple algorithmjust describedworks reasonablywell
for arangeof scenesijt becameevident after sometestingthat it
only solvespart of the DOF problem. To describeboth the prob-
lem andthe solution, it is valuableto distinguishthreerangesof
depth. The furthestdepthrange,which we will referto asback-
ground,consistf portionsof theimagethatlie farenoughbehind
theplaneof focusto have largecirclesof confusion.Thenext closer
depthrange ,which we will referto asmidground,consistsof por-
tionsof theimagewith depthsnearenoughto the planeof focuson
eithersideto have relatively smallcirclesof confusion.Finally, the
closestdepthrange which we will referto asforeground,consists
of portionsof theimageenoughcloserthanthefocal planeto have
large circlesof confusion.

In generaltheheatdiffusionalgorithmasjustdescribedvorksrea-
sonablywell for objectsin the midground. It successfullymain-
tainsthe sharpnessf in-focusobjectsandpreventscolor bleeding
from takingplacebetweerin-focusobjectsandneighboringout-of-
focusobjects. Unfortunately good performancen the midground
is notsufcient for our purposesln real optical situationsit is not
uncommorfor backgroundbjectsto have circlesof confusionso
largethatthey blur behindsharpforegroundobjects.Sincein-focus
objectsin our diffusionapproactactasheatinsulatorsall blurring
dueto the heatequationis blocked by in-focusmidgroundobjects,
andsevereartifactscanresult. Figure 3 shavs anexample. In the
upperrightimage thin leavesof atreeblocktheblurring of theyel-
lowish backgroundplanein sucha way thatthe originally straight
outlineof the planebecomesinacceptablyistorted.

In orderto addresshe problemof blurring underneatlin-focusob-

jects,we introducea separatdéayerto procesdackgroundgortions
of theimagewith large circlesof confusion.Theideais essentially
to matteout the in-focus midgroundobjects,blur the background
objectsacrossthe removed regions, and then blend betweenthe

original (midground)layerandthe new backgroundayerbasedn

thematte.

Thusfar, we have not usedthe speci ¢ heatg, but for computing
the backgroundayer; it will becomecritically important. In effect
g actsasa couplingcoefcient betweenthe initial conditionsand
the diffusion. Whereg is large, the initial conditionswill greatly
in uence the nal result. Whereg is zero, the initial conditions
becomeentirelyirrelevant.

Let a(u;v) be a matte that separatedbackgroundregions from
midgroundregions. a will be zerofor pixels with small circles
of confusionandramp up smoothlyto onefor pixels with circles
of confusionequalto or greaterthan a level thatidenti es them
asbackgroundpixels. By settingg= a, we will be ableto make
our diffusiontake into accounthe matteandinterpolatethe proper
informationin the gaps.



Figure3: Ouroriginalimageis atupperleft. Single-layeriffusion
(upperright) resultsin artifactsatthehorizonadjacento theleaves.
Wethuscomputeaseparatdackgroundayer(lowerleft) andblend
it with our single-layerdiffusionfor the nal result(lowerright).

Note that thereare two kinds of information missingin the gaps
wherea is small. Clearly we are missingbackgroundcolors, but
equallyimportantly we arealsomissingthe correspondingircles
of confusion. Beforewe caninterpolatethe colors appropriately
we needto estimatehosecircles.

To interpolatethe circles of confusion,we have only to useour
original circles of confusioninsteadof colors asthe input to the
diffusion computation.Settingg = a ensureghatcirclesof con-
fusion from fully in-focus midgroundregionswill be completely
ignored.For this diffusion, it sufces to setb to beaconstansuch
thatthe lter sizeis comparabléo the blur-sizethresholdbetween
midgroundand background. Figure 4 shawvs the original circles
of confusionbeforemattingandthenthe resultsafter mattingand
smoothing.

Oncewe have interpolatedhe circlesof confusionwe canrun our
originaldiffusioncomputatioronthecolorinformationwith g= a,

andthecolorswill Il in thegaps.Thelower left of gure 3 shavs
theresult. The closestof the leaves have beenremoved by the a

channel,anddiffusionhas lled in the backgroundvith a smooth
interpolation. Matting our original midgroundcomputationover
this backgroundayeryields the resultin the lower right of gure

3. Theobjectionablartifactsof themidgroundcomputatiorareall

but gone,asthebackgroundayerprovidesblurring behindthelong
thin in-focusmidgroundeaves.

Thereis oneseeminglarbitrarychoicein thealgorithm:thethresh-
old blur sizethatseparatethemidgroundrom thebackgroundFor

the highestpossiblequality, onecanperformthis backgroundcom-
putationat a numberof differentthresholdshosernon alog scale,
andthenmatteamongall the differentlayersbasedn the circle of

confusionof eachpixel. While this approactdoesprovide a slight
improvementtheresultwith a singlebackgroundayerworkswell

enoughin our experiencehatwe considerextra backgroundayers
to begenerallyunnecessary

Figure 4: Thesepicturesshawv the sizesof the circles of confu-
sionat eachpixel, with darkregionscorrespondingo smallcircles
(morein focus) and light regions correspondingo larger circles
(lessin focus). Theleft imageherecorrespondso Figure3's top
right image,andthe right imagecorrespondso Figure3's bottom
left image.

3.2 Blurring On Top

Thereis a little-discussedyet fundamentalimitation of the post-
processingnethodthatariseswith very blurry foregroundobjects.
When a foreground object getsvery blurry, it begins to become
transparenbecausawide enoughapertureallows acamerao col-
lect raysthat go fully aroundthe object. If the apertureis suf-
ciently wide, the transpareng canbe almostcomplete. The lower
rightimagein gure 6 shavsanexampleof thisphenomenonEven
thoughwe arelooking throughafence thecameraaperturds wide
enoughthat the foregroundfence hasbecomealmostcompletely
invisible.

The problem when a foreground object becomestransparents
what to shav behindit. A postprocessingnethodas described
by Potmesiland Chakravarty [1981] hasno informationaboutthe
scenébehindthevery blurry foregroundobjectandcannotproduce
a high-qualityresult. In particular if the blurry foregroundobject
obscures sharpmidgroundobject,thereis no way for suchanal-
gorithmto createthe high-frequeng detailon the obscuredbiject.
A casen pointis the American ag in gure 6. No postprocessing
algorithmcanbeexpectedo inventtheadditionalstripesin the ag
thatareobscuredn the pinholecameraview in the upperleft, yet
areneededo producea properimagein thelower right.

Only by supplementingheinputto a postprocessinglgorithmcan
we hopeto achieve a high-quality result. Here we considerwhat
canbedoneif the input canbe separatednto differentlayers. To
producetheimagesin gure 6, we have takenasinput, notonly an
RGBZ imageasbefore,but alsoa separattRGBZa layer for the
fencealone.

Theextensionof our algorithmto foregroundobjectsin separatel-
ementds relatively straightforvard. As with ourcomputatiorof the
backgroundayer, we begin by diffusingthecirclesof confusion.In
thiscasetheweightsgaregivenby thea channebf theforeground
input. Having calculatedhesenew circlesof confusionwe diffuse
notonly theinputcolors,but alsotheinputa, with gagaingivenby
theforegrounda channel.Finally, we take the diffusedcolorsand
alphachannefor theforegroundlayerandcompositehemoverthe
previously describednidground/backgrounilend. Figure6 shavs
theresults.



4 Implementation

The key to a fastimplementatiorof our DOF computationis the
ef cient solution of the tridiagonalsystemin equation10. While
previous authorshave successfullydevelopedsolversfor a variety
of linearsystem®n graphicshardware,noneof thepublishedalgo-
rithmsareappropriatdor this particularcase Thegeneralinearal-
gebraframework of KriigerandWestermanii2003] supportsnem-
ory layoutsfor both denseand sparsematrices,including banded
matrices,but doesnot provide solvers speci ¢ to bandedor tridi-
agonalmatrices. Galoppoet al. supportboth Gauss-Jordaelimi-
nationandLU decompositioron the GPU, but only for densema-
trices [2005]. GPU-basedtonjugate gradientsolvers [Bolz et al.
2003;Goodnightetal. 2003;Hilleslandetal. 2003]areiterative and
do nottake advantageof thespecialpropertieof bandedr tridiag-
onalmatrices.Moreover, for bandedor tridiagonalsystemsdirect
methodsaregenerallymuchfasterandbetterconditionedthaniter-
ative techniques.

We beggin by describingthe datastructuresnecessaryor our im-
plementationthendescribeour implementatiorof our solutionto
theheatdiffusionequationjncludingour solverfor tridiagonalsys-
tems,onthe GPU.

4.1 Data Layout

In our implementationwve mustrepresenD arraysof input and

outputvalues(suchascolorsor depths,oneper screenpixel) and

a tridiagonalmatrix. Representingx 2D arrayis straightforvard:

2D arraysarestoredas2D textures,with individual entries(colors
or depths)storedastexels (RGB for colors, oating-point scalars
for depths). The structureof the tridiagonalmatrix lendsitself to

storageasa 1D array Eachrow of a tridiagonalmatrix contains3

elementgan, bn, andcy); thoseelementsarestoredin asingletexel

asR, G, andB. We canthusrepresent 1D array of tridiagonal
matricesn asingle2D texture,with entriesin thetridiagonalmatrix

in the sametexel positionsastheir correspondingntriesin the 2D

arraysof inputsor outputs.

We note that a tridiagonal systemis a particular type of a re-
currenceequationand as such, can be efciently solved in par
allel using the scan primitive [Blelloch 1990]. In graphics,
Horn recentlyusedscanto implementan O(nlogn) streamcom-
paction primitive [2005]. The logarithmic forward-propagtion-
back-propagtion structureof our cyclic reductionis also a type
of scan;ourimplementatiorrunsin O(n) time.

4.2 Algorithm Implementation

Sincewe areusinganalternatingdirectionsolver, ourimplementa-
tion will rst solve for all rows andthenusetheresultsto solve all
columnsin parallel.Our algorithmrequiresfour stepsall of which
exploit the parallelismof the GPU: constructtridiagonalmatrices
for eachrow in parallel,solve the systemsf matriceson eachrow
in parallel,thenrepeatthosetwo stepson the columns.In the dis-
cussionbelawn, we userow terminology but otherthana necessary
transposethe procedurés the samefor columns.

We begin by computingthe tridiagonalmatrix on the GPU. We
cando sowith a single GPU pass,computingall matrix rows in
parallel; eachrow only needsthe thermalconductvity andinput
coupling coefcient from itself and its immediateneighbors. At
theend,for anm£ nimage,we have n m£ mtridiagonalmatrices,
eachcorrespondingo arow of theinputimage,storedasrowsin a
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1A g el

10: forL= IogZ(N+ 1); 2:::0do

11: for j= 0:::21 ((N+ 1) 2do

12: jpA j=2

13: if j isoddthen

14: yr A

15: else

16: Vi A (i chysti afyst )bk

Figure 5: Pseudocodéor our GPU-compatibIecycIic reduction
tridiagonal solver. a b andc refer to the matrix entriesfor

row j in level L of the hlerarcty of solutions,andy'j- is anelement
of the solutionvector Note thatthe above forward and backward

substitutioncomputationsare both parallelizableandrely only on

gathermemoryaccesses.

singlem£ ntexture. We solve eachof thesen systemsn parallelto

producen solutionsto the 1D heatdiffusionequationgachsolution
correspondingo arow of theinput. For clarity belov, we describe
only thesolutionof a singlerow.

As we notedin Section3, LU decompositionis the traditional
methodfor solving a tridiagonalsystem. Unfortunately eachstep
in the forward and back substitutionsof a LU decompositiorre-
lies ontheprevious stepandhencecannotbe parallelized.Instead,
we usethemethodof cyclicreduction[Hockney 1965;Karniadakis
andKirby Il 2003],a parallel-friendlyalgorithmoftenusedonvec-
tor computersfor solving tridiagonal systemsas a basisfor our
implementation.

Cyclic reductionworks by recursvely using Gaussiarelimination
on all the odd-numberedinknavnsin parallel. Figure5 contains
pseudocodéor the cyclic reductionalgorithm.During elimination,
eachof the odd-numberedinknovns is expressedn termsof its

neighboringeven-numberedinknavns, resultingin a partial solu-

tion andanew systemgeachwith half thenumberof equationgFig-

ure5, lines1-8). The procesds repeatedor logm stepsuntil only

oneequationremains(Figure5, line 9) alongwith a hierarcly of

partial solutionsto the system.Next, the solutionto this equation
is fed backinto the partial solutions,andafterlogm stepsto prop-
agate the known resultsinto the partial solutions(Figure 5, lines
10-16),thesystemis solved. While cyclic reductionrequiresmore
arithmeticthanan LU solwer, it still takesonly a constantime per
unknavn andis amenabldo anef cient GPUimplementation.

In our implementationjn eachrow, eachpixel is associatedvith
oneinputelementswell asto onerow of thetridiagonalmatrix. In
the forward propagtion step,a passthatbegins with m unknavns
will producea new systemwith m=2 unknavns; becauseachnewv
systemproduceswo outputmatricesof half the size,we allocatea
pyramid of texturesat the outsetof our computationyequiringan
aggreateadditionalamountof storageequalto twice thesizeof the
original tridiagonalmatrix texture. We alsorefactorthe traditional
descriptionof cyclic reductionsothatthe computatiorof anoutput



elementk requiresdatafrom inputelement2k; 1,2k, and2k+ 1.
Expressingourcomputatiorin thisway enableshe GPUto runthe
sameprogramon every pixel, enablinghigh performance.Justas
importantis thatit alsoallows the GPU to leverageits ability to
readrandommemorylocations(gather)without requiringwritesto
randommemorylocations(scatter).

5 Results

Figuresl and 2 showv severalimagesgeneratedvith our DOF al-
gorithm; the inputsto our algorithmwereinputimageswith color
and depthinformation at every pixel. Figure 6 shavs a seriesof
imagesgeneratedvith the 3-layervariantof our algorithm,where
we compositeghenear eld fenceatopthemid- andfarrange ags
and mountains. Theseimagesare also part of the accompaying
video.

5.1 Runtime and Analysis

We implementedur DOF systemon a 2.4 GHz Athlon 64 FX-53
systenrunningWindows XP with anNVIDIA GeForce7800GPU.
Ourimplementatiorhasimage-spaceompl«ity soits runtimeis
strictly a function of the imagesize. Using just the background
and midgroundlayers, on a 256£ 256 image, we sustain80-90
framesper second;on 512£ 512 image,we sustain21-23frames
persecondandonal024£ 1024image we sustainb—7framesper
secondAt 1k by 768resolutionwith theseparatéoregroundlayer
addedfor the ag imagesin the accompaying video, the frame
ratedropsto 3—-4framespersecond Notethatthe ag sequencén
thevideowascomputecandrecordecat 1k by 768resolution,and
later donvnsampledo keepthe video sizereasonableln all cases
the performancescalesapproximatelinearly with the numberof
pixels.

Theperformancef ouralgorithmis suitablefor usein high-quality
Im preview applicationsuchasthosewetargetwith ourwork, and
we expectthatfurtherimprovementsn next-generatiorGPUswiill
soonallow this techniqueo be usedin real-timeentertainmenép-
plicationssuchasgames.Therunningtime of our algorithmis lim-
ited by the performanceof the fragmentprogramthatimplements
thetridiagonalsolver. In generaljncrease eitherthespeedrthe
numberof fragmentunits on graphicshardwarewill directly scale
the performancef our system.

5.2 Limitations

Aswediscussedh Section3, our ADI solutionof theheatequation
yields solutionsthatapproximatea Gaussiarpoint-spreadunction
acrossthe circle of confusion. The technicalterm for the point-
spreadfunction in this contet is “bokeh”; choosingother distri-
butionscorrespondso differentlenseffects. Becausehe Greens
function of the diffusion equationis a Gaussiangeneratingother
distributionswould be problematicfor our technique.Fortunately
the Gaussiardistribution is a physically meaningfuland interest-
ing one; Buhler and Wexler indicate that such a distribution of
light producesa “smooth” or “creamy” effect “similar to a Leica
lens”[2002].

OurADI solutionbreaksup thecomputatiorinto separatéorizon-

tal andvertical passeghat could potentially produceanisotropies.

Any issueswith anisotropiegould be mitigatedby taking multiple
diffusion steps;we have not seenary severeanisotropiceffectsin
practice.

6 Conclusion

In this work, we have introduceda new depth-of- eld post-process
algorithmthat usesa heatdiffusion formulationto calculateaccu-
rate DOF effectsat real-timerates. Unlike previous methodsour
algorithmachieves high quality andinteractve speedat the same
time. It properlyhandlesboundariedetweenn-focusandout-of-
focusregions, while attaininginteractive frameratesand constant
computatiortime per pixel. Our implementatiorof the algorithm
alsointroduceshe useof cyclic reductionto the GPUworld using
GPU-friendlygathermemorypatterns.The real-timeperformance
of our systemmalkesit suitabletodayfor interactve Im preview,
and continuedadwancesin the performanceof graphicshardware
will likely alsomake it attractve soonfor gamesand otherreal-
time applications.
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