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Figure1: Top: Pinholecameraimagefrom an upcomingfeature�lm. Bottom: Sampleresultsof our depth-of-�eld algorithmbasedon
simulateddiffusion. We generatetheseresultsfrom a singlecolor anddepthvalueperpixel, andtheabove imagesrenderat 23–25frames
persecond.Themethodis designedto produce�lm-preview quality at interactive rateson a GPU.Fastpreview shouldallow greaterartistic
controlof depth-of-�eld effects.

Abstract

Accuratecomputationof depth-of-�eld effectsin computergraph-
icsrenderingis generallyverytimeconsuming,creatingaproblem-
atic work�o w for �lm authoring. The computationis particularly
challengingbecauseit dependson large-scalespatially-varying�l-
tering thatmustaccuratelyrespectcomplex boundaries.A variety
of real-timealgorithmshavebeenproposedfor games,but thecom-
promisesrequiredto achieve thenecessaryframerateshave made
themthemunsuitablefor �lm. Herewe introduceanapproximate
depth-of-�eld computationthat is good enoughfor �lm preview,
yetcanbecomputedinteractively onaGPU.Thecomputationcre-
atesdepth-of-�eld blursby simulatingtheheatequationfor a non-
uniform medium.Our alternatingdirectionimplicit solutiongives
rise to separablespatially varying recursive �lters that can com-
putelarge-kernelconvolutionsin constanttime perpixel while re-
spectingtheboundariesbetweenin-focusandout-of-focusobjects.
Recursive �lters have traditionallybeenviewedasproblematicfor
GPUs,but usingthewell-establishedmethodof cyclic reductionof
tridiagonalsystems,we areableto vectorizethe computationand
achieve interactive framerates.
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1 Intro duction

Depth-of-�eld (DOF) effectsareessentialin producingcomputer
graphicsimagerythat achieves the look and feel of �lm. Unfor-
tunately, the computationsneededto computetheseeffects have
traditionallybeenvery slow andunwieldy. As a consequence,the
effects areboth costly to createanddif�cult to direct. Here,we
attemptto improve the processof creatingDOF effectsby intro-
ducinga high-qualitypreview that canbe computedat interactive
rateswith a GPU.The imagequality shouldbesuf�cient to allow
adirectorof photography to specify, edit,andapproveapertureset-
tings and focus pulls interactively, offering a far greaterlevel of
artisticcontrolthanhaspreviouslybeenavailable.In time,asGPU
speedsincrease,the methodmay alsobecomeof interestto game
developersdesiringagood-qualityinteractive result.



Mosthigh-end�lm renderersusethemethodof distributedraytrac-
ing [Cook et al. 1984] to get accurateDOF resultsthat take into
accountthe variedpathsof light throughdifferentpartsof a lens.
While themethodcertainlyproduceshigh-qualityresults,it is slow,
andif thefocal planeor aperturearechanged,all theray pathsare
altered,andtherenderingprocessmustberestartedfrom thebegin-
ning. Ourgoalis to useamuchsimplercomputationto getagood-
quality interactive preview that canbe usedto adjustandanimate
the relevant parameters.Oncethe parametershave beenchosen,
distributedray tracingcanbeusedto computethe�nal result.

PotmesilandChakravarty [1981] introducedthe ideathat approx-
imateDOF effectscanbe computedby post-processingan image
renderedfrom a pinholecamera.Sincethe imagefrom a pinhole
cameraonly containsinformation aboutrays that passthrougha
singlepoint,noamountof post-processingcanmakeupfor thelack
of informationaboutotherraysandcreateaDOFcomputationgood
enoughfor high-end�lm rendering.Nonetheless,in mostcases,the
pinholeimagedoescontainenoughinformationto producea result
acceptablefor �lm preview or gamepurposes.Following Potmesil
andChakravarty, we take thepinholecameraimagewith depthas
ourstartingpoint.

Photographershave long known thata small spotat a givendepth
will be blurredout in a camerato a sizeknown as the “circle of
confusion.” Moreover, for ordinarylenses,thecircle of confusion
dependsin a simpleway on theapertureandthefocal plane.Not-
ing this,PotmesilandChakravartyproposedblurringeachpixel by
its circleof confusionto simulateDOFeffects.While thebasicap-
proachis sound,the blurring mustbe donein a morecarefulway
thanpresentedin theiroriginalpaperin orderto avoid objectionable
artifacts. In particular, caremustbe taken to keepsharp,in-focus
objectsandblurry backgroundsfrom bleedinginto eachother.

From a computationalstandpoint,one of the chief challengesof
rapid DOF computationis that out-of-focusregions can require
largekernelconvolutionsto blur appropriately. While thereareef-
�cient waysof computinglarge kernelconvolutions that arewell
establishedin graphics[Burt andAdelson1983; Williams 1983],
they cannoteasilybemadeto respectcomplex boundariesbetween
in-focusandout-of-focusobjects.

Our approachis to achieve the necessaryblurring by simulating
heatdiffusion in a non-uniformmedium.Thebasicideais to con-
vert thecirclesof confusioninto varyingheatconductivity andal-
low thepixel valuesin animageto diffuseasif they wereaseriesof
temperaturesamples.A key featureof this formulationis thatwhen
theheatconductivity dropsto zero,theblurringwill stopdeadin its
tracks,preciselyrespectingboundariesbetweensharpin-focusob-
jectsandneighboringobjectsthatarevery blurred. By castingthe
DOF problemin termsof a differentialequation,it becomesmuch
easierto deal with the spatially varying circles of confusionthat
causesomany problemswith traditionalsignal-processingand�l-
teringapproaches.Our solutionmethodis analternatingdirection
implicit methodthat leadsto a seriesof tridiagonallinearsystems.
Theselinearsystemseffectively implementseparablerecursive �l-
ters,andcanbecomputedin constanttime perpixel, independent
of thesizeof thecirclesof confusion.

Therestof thepaperis asfollows. In Section2, wediscussrelevant
prior work. In Section3 we introducetheheatequationandshow
that solving it with an alternatingdirection implicit methodleads
to a seriesof tridiagonalsystems.In Section4, we describehow
to implementthis computationef�ciently on GPUhardware.Then
in Section5, we provide the resultsof runningthealgorithmon a
varietyof scenes.

2 Prior work

Approachesto computingDOF vary in thedetailwith which they
modelthelensandlight transport,their performance-qualitytrade-
offs, and in their suitability to implementationon graphicshard-
ware. Demersprovidesa recentsurvey of approachesto theDOF
problem[2004].

In order to generatea high-accuracy result, a DOF computation
must combineinformation aboutrays that passthroughdifferent
parts of a lens. The accumulationbuffer [Haeberli and Akeley
1990] takesthis approach,simulatingDOF effectsby blendingto-
getherthe resultsof multiple renderings,eachtaken from slightly
different viewpoints. Unfortunately, the methodrequiresa large
collectionof renderingsto achieve a pleasingresult(Haeberliand
Akeley use23 to 66), andthe enormousgeometriccomplexity of
�lm-quality scenesmakesthis prohibitive. It is not unusualfor the
geometryof �lm-quality scenesto exceedany availableRAM, so
doing multiple passesthroughthe original geometryis out of the
questionfor interactive �lm preview.

In order to achieve interactive performance,thereis little choice
other than to rely largely on the post-processingapproachof
PotmesilandChakravarty [1981]. Their work hasinspireda va-
riety of algorithmswhichcanbedividedinto two majorcategories:

Scattertechniques(alsoknown asforward-mappingtechniques)it-
eratethroughthesourcecolor image,computingthecircle of con-
fusion for eachsourcepixel andsplattingits contributionsto each
destinationpixel. Propercompositingrequiresa sort from backto
front, andtheblendingmustbedonewith high-precisionto avoid
artifacts. Distributing energy properlyin the faceof occlusionsis
alsoa dif�cult task.Thoughscattertechniquesarecommonlyused
in non-real-timepost-processingpackages[Demers2004],they are
not the techniquesof choicefor today's real-timeapplicationspri-
marily becauseof the costof the sort, the lack of high-precision
blendingon graphicshardware,andthedif�culty of conservingto-
tal imageenergy.

Gathertechniques(alsoknown asreverse-mappingtechniques)do
theopposite:they iteratethroughthedestinationimage,computing
thecircleof confusionfor eachdestinationpixel andwith it, gather-
ing informationfrom eachsourcepixel to form the�nal image.The
gatheroperationis bettersuitedfor graphicshardware than scat-
ter. Indeed,the mostpopularreal-timeDOF implementationsto-
dayall usethis technique[?; Rigueret al. 2003;Scheuermannand
Tatarchuk2004;Yu 2004].Nonetheless,thegatheroperationis still
notverywell matchedto today'sSIMD graphicshardwarebecause
of the nonuniformityof the sizesof the circlesof confusion. The
methodalsohasdif�culty with edgediscontinuitiesandedgebleed,
neitherof which is eliminatedin any publishedalgorithm.

Even if ef�ciently implementedon the target hardware, standard
gatherandscattertechniqueshave poorasymptoticcomplexity be-
causetheamountof work they do is theproductof thenumberof
pixels in theimageandtheaverageareaof thecircle of confusion.
For an n£ n image,thesealgorithmsare O(n4) which is clearly
problematicfor high-resolution�lm-quality images.

In orderto bringthecomputationalcostdown to alevel thatpermits
real-time performance,someimplementations,such as Scheuer-
mannandTatarchuk[2004], computelargeblur kernelsby down-
sampling.While this is a perfectlysensiblecompromiseto achieve
adequateperformancefor gameson currenthardware,it comesat
theexpenseof artifactsthatareunacceptablefor �lm preview. The
problemis thatexistingtechniquesdonotallow large-scaleblursto
becomputedef�ciently in waysthatrespectthecritical boundaries
betweenin-focusobjectsandthosethatareout-of-focus.As a re-



sult, theaccelerationmethodswill causeunacceptablecolor bleed-
ing.

3 Heat Di®usion

Themainrequirementin DOF computationwith a post-processing
methodis to blur the imagewith a spatially varying �lter width
given by the circle of confusion. This posestwo key challenges.
First, while blurring, we mustmaintainaccurateandsharpbound-
ariesbetweenareasof the imagethat are in focusand thosethat
areout of focus. Second,in orderto achieve interactive speed,we
mustbeableto computelargeblursef�ciently . No existingmethod
meetsbothof thesechallengesatonce.

Ourapproachto thesechallengesis to computetheblurringby sim-
ulating the heatdiffusion equation. The imageintensitiesfrom a
pinhole cameraview in our methodprovides a heatdistribution
that diffusesoutward to producethe DOF image. Wherethe cir-
clesof confusionarelarge, we modelthe thermalconductivity of
themediumashigh,sothediffusionwill extendoutwardto anap-
propriateradius. Wherethe circle of confusionreacheszero, the
thermalconductivity will correspondinglybe zero,creatinga per-
fect insulatorthatcompletelydecouplesthecolor of a sharpobject
from thecolorof anadjacentblurry object.

Consideran input imagex(u;v) which we want to diffuseinto an
outputimagey(u;v). Thebasicheatequationcanbewritten

g(u;v)
¶y
¶t

= Ñ¢(b(u;v)Ñy) (1)

whereb(u;v) is theheatconductivity of themedium,g(u;v) is the
speci�c heatof the mediumandÑ representsthe del operatorin
termsof the spatialcoordinatesu and v. We will use the input
imageto provide the initial heatdistribution for thediffusion,and
thenintegratetheheatequationthroughtimeto getablurredresult.

Therearea varietyof numericalmethodsthatcanbeemployed to
solve the heatequation,but only a well-suitedmethodwill pro-
videadequateperformance.Thesimplestof all methodsis to begin
with y(0) = x, evaluatethederivative ¶y=¶t at time zero,andthen
take a stepwherey(Dt) = y(0) + Dt(¶y=¶t). Unfortunately, this
method,known asforward Euler's method,is unacceptablyslow.
Themethodyieldsastepgivenby asmallFixedImpulseResponse
(FIR) �lter , andwith repeatedapplications,it takesO(n2) FIR con-
volutionsto producea�lter with width proportionalto n. In orderto
achieve betterperformance,we chooseanalternatingdirectionim-
plicit (ADI) solutionmethod[Pressetal.1992],whichinsteadgives
rise to very ef�cient separableIn�nite ImpulseResponse(IIR) or
recursive �lters. ADI methodshavebeenusedpreviously in graph-
ics to simulateshallow water [KassandMiller 1990] and in that
context achieve constanttime per surfacesample,independentof
wavespeed.

The basicideaof the ADI solutionof the heatequationis to split
the solution into two substeps.In the �rst substep,heatwill dif-
fusealongthe u axis. During the secondsubstep,the heatdistri-
bution will further diffusealongthe v axis. While ADI is a well-
establishedtechniquefor solving differentialequations,it always
carriesa risk that theexistenceof preferreddirectionsin thesolu-
tion, u andv, mayproduceobjectionableanisotropiesin theresult.
With thediffusionequation,however, theseanisotropiesturnout to
beparticularlysmall. Theexactsolutionof thediffusionequation
in a uniform mediumaftera �x edtime is givenby theconvolution
of the initial conditionswith a 2D Gaussian.Sincea 2D Gaussian
convolution canbecomputedexactly by a horizontal1D Gaussian

convolution followed by a vertical 1D Gaussianconvolution, the
ADI approachis particularlywell-justi�ed in thiscase.

In eachsubsteptheADI methodmustsolvea1D diffusionequation
givenby

g
¶y
¶t

=
¶
¶u

b(u)
¶y
¶u

: (2)

In an ADI approach,eachof thesesubstepsis computedwith an
implicit method.Thereis avastliteraturein thenumericalanalysis
communityonimplicit methods;Baraff etal. [2003]provideatuto-
rial asthey relateto problemsin CG.For ourpurposes,thesimplest
implicit scheme,known asbackwardsEuler, will suf�ce.

y(t + Dt) ¡ y(t)
Dt

=
¶y
¶t

¯
¯
¯
¯
t+ Dt

(3)

In contrastto the forwardor explicit Eulermethodmentionedear-
lier, herethe time derivative ¶y=¶t is evaluatedat the endof the
step,ratherthan the beginning. The result is a set of simultane-
ouslinearequationsfor thesolutionwhich allows thediffusion to
propagatearbitrarily far in asinglestep.

Wearefreeto chooseany unitsfor timeandspace,sofor simplicity,
we will chooseunits in which Dt = 1 andthe separationbetween
pixels is unit distance. With theseunits, discretizingover space
with �nite differencesyields

gi
¶y
¶t

¼ bi(yi+ 1 ¡ yi) ¡ bi¡ 1(yi ¡ yi¡ 1): (4)

If webegin with theinitial conditionsyi = xi , andthentakeasingle
timestepusingtheimplicit Eulermethodof Equation3, weget

gi(yi ¡ xi) = bi(yi+ 1 ¡ yi) ¡ bi¡ 1(yi ¡ yi¡ 1) (5)

whereb0 = bn = 0, sothattheboundaryof theimageis surrounded
by insulators.

In orderto setupEquation5 from aDOFproblem,weneedto know
therelationshipbetweenb andthesizeof acircleof confusion.To
do this, considerthe situationwhereg is unit and b is uniform.
Then,Equation5 canbewritten:

yi ¡ xi = b(yi+ 1 ¡ 2yi + yi¡ 1) (6)

The right-hand-sideof Equation6 is the productof b anda �nite
differenceapproximationto the secondderivative of y. Taking a
Fouriertransformof bothsidesandnotingthattakingn derivatives
in spaceis thesameasmultiplying by (iw)n in frequency, weobtain

ỹ¡ x̃ = b(iw)2ỹ (7)

whichyieldsthefrequency response

ỹ =
1

1+ bw2 x̃: (8)

of a Butterworth low-pass�lter . Traditionally, Butterworth �lters
aredescribedin termsof acutoff frequency wc

ỹ =
1

1+ (w=wc)2 x̃: (9)

andin theseterms,b = 1=w2
c . Thespatialwidth correspondingto

thediameterof the �lter is just 1=wc, sowe have b = d2 whered
is thediameterof thecircleof confusion.



Figure2: Top: original pinholeimage.Bottom: imagewith simple
DOF.

PotmesilandChakravarty [1981] describehow to computethecir-
cleof confusionfor eachpixel from its depthanda full setof cam-
eraparameters.Fromthiscircle,wecannow computeb, andcom-
pleteEquation5.

Equation5 describesa symmetrictridiagonallinear systemof the
form:
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whereci = ai+ 1. The tridiagonalstructureof the equationsresult
from the fact that eachsamplein the 1D heatequationis coupled
only to thenext andprevioussample.

Unlike generallinear systems,tridiagonal linear systemscan be
solved very ef�ciently in constanttime per sample[Presset al.
1992]. Thetraditionalmethodfor doingthis is to factorthematrix
into theproductof a lower-diagonalmatrix andanupper-diagonal
matrix in aprocessknown asLU decomposition.Having computed
the factorsL andU, we are left with the linear systemLUy = x.
Next, we computez= Uy from L andx by a processknown to ap-
plied mathematiciansas“forwardsubstitution”andknown to peo-
ple in thesignalprocessingworld astheapplicationof a recursive
�lter . Then,knowing z, we computey from the equationLz = x
by a processknown to appliedmathematiciansas“back substitu-
tion,” andto peoplein the signalprocessingworld asthe applica-
tion of abackwardsrecursive �lter . Fromasignal-processingpoint
of view, the unusualthing aboutthe �lters beingrun forward and
backwardstosolvethelinearsystemis thattheircoef�cients change
over space,properlytaking into accountthe boundaryconditions.
Becausethey areIIR �lters, the amountof work they do is inde-
pendentof thesizeof the�lter kernel.While LU decompositionis
a perfectlyreasonableway to solve tridiagonalsystemson a CPU,
it is poorly suitedto a GPU,soour actualimplementationusesan
equivalentbut differentmethodcalled“cyclic reduction,” described
in Section4.

The basicalgorithmfor heatdiffusion cannow be describedvery
simply. Webegin with anRGBZimageandcalculatecirclesof con-
fusion for eachpixel from the cameraparameters.Thenwe com-
putethehorizontaldiffusionby formingandsolvingthetridiagonal
systemof Equation5,assumingthatthespeci�c heatg is uniformly
equalto one.Notethatthevalueof bi in this equationcorresponds
to the link betweenpixels i and i + 1. In order to guaranteethat
pixels with zerocircle of confusionwill not diffuseat all, we use
the minimum circle of confusionat the two pixels to generatebi .
Oncethehorizontaldiffusion is complete,we usetheresultasthe
startingpoint for theverticaldiffusion. Figure2 shows theresults
afterbothdiffusionsteps.

3.1 Blurring Underneath

While the simplealgorithmjust describedworks reasonablywell
for a rangeof scenes,it becameevident after sometestingthat it
only solvespart of the DOF problem. To describeboth the prob-
lem and the solution, it is valuableto distinguishthreerangesof
depth. The furthestdepthrange,which we will refer to asback-
ground,consistsof portionsof theimagethatlie farenoughbehind
theplaneof focusto havelargecirclesof confusion.Thenext closer
depthrange,which we will refer to asmidground,consistsof por-
tionsof theimagewith depthsnearenoughto theplaneof focuson
eithersideto haverelatively smallcirclesof confusion.Finally, the
closestdepthrange,which we will refer to asforeground,consists
of portionsof theimageenoughcloserthanthefocal planeto have
largecirclesof confusion.

In general,theheatdiffusionalgorithmasjustdescribedworksrea-
sonablywell for objectsin the midground. It successfullymain-
tainsthesharpnessof in-focusobjectsandpreventscolor bleeding
from takingplacebetweenin-focusobjectsandneighboringout-of-
focusobjects.Unfortunately, goodperformancein themidground
is not suf�cient for our purposes.In realopticalsituationsit is not
uncommonfor backgroundobjectsto have circlesof confusionso
largethatthey blur behindsharpforegroundobjects.Sincein-focus
objectsin our diffusionapproachactasheatinsulators,all blurring
dueto theheatequationis blockedby in-focusmidgroundobjects,
andsevereartifactscanresult. Figure3 shows anexample. In the
upperright image,thin leavesof atreeblocktheblurringof theyel-
lowish backgroundplanein sucha way that theoriginally straight
outlineof theplanebecomesunacceptablydistorted.

In orderto addresstheproblemof blurringunderneathin-focusob-
jects,we introduceaseparatelayerto processbackgroundportions
of theimagewith largecirclesof confusion.Theideais essentially
to matteout the in-focusmidgroundobjects,blur the background
objectsacrossthe removed regions, and then blend betweenthe
original (midground)layerandthenew backgroundlayerbasedon
thematte.

Thusfar, we have not usedthe speci�c heatg, but for computing
thebackgroundlayer, it will becomecritically important.In effect
g actsasa couplingcoef�cient betweenthe initial conditionsand
the diffusion. Whereg is large, the initial conditionswill greatly
in�uence the �nal result. Whereg is zero, the initial conditions
becomeentirelyirrelevant.

Let a (u;v) be a matte that separatesbackgroundregions from
midgroundregions. a will be zero for pixels with small circles
of confusionandrampup smoothlyto onefor pixels with circles
of confusionequalto or greaterthan a level that identi�es them
asbackgroundpixels. By settingg = a , we will be ableto make
our diffusiontake into accountthematteandinterpolatetheproper
informationin thegaps.



Figure3: Ouroriginal imageis atupperleft. Single-layerdiffusion
(upperright) resultsin artifactsatthehorizonadjacentto theleaves.
Wethuscomputeaseparatebackgroundlayer(lowerleft) andblend
it with oursingle-layerdiffusionfor the�nal result(lower right).

Note that thereare two kinds of informationmissingin the gaps
wherea is small. Clearly we aremissingbackgroundcolors,but
equallyimportantly, we arealsomissingthecorrespondingcircles
of confusion. Beforewe can interpolatethe colorsappropriately,
weneedto estimatethosecircles.

To interpolatethe circles of confusion,we have only to useour
original circles of confusioninsteadof colors as the input to the
diffusion computation.Settingg = a ensuresthat circlesof con-
fusion from fully in-focusmidgroundregionswill be completely
ignored.For this diffusion,it suf�ces to setb to beaconstantsuch
that the�lter sizeis comparableto theblur-sizethresholdbetween
midgroundand background. Figure 4 shows the original circles
of confusionbeforemattingandthenthe resultsaftermattingand
smoothing.

Oncewe have interpolatedthecirclesof confusion,we canrun our
originaldiffusioncomputationonthecolor informationwith g= a ,
andthecolorswill �ll in thegaps.Thelower left of �gure 3 shows
the result. The closestof the leaveshave beenremoved by the a
channel,anddiffusionhas�lled in the backgroundwith a smooth
interpolation. Matting our original midgroundcomputationover
this backgroundlayer yields the result in the lower right of �gure
3. Theobjectionableartifactsof themidgroundcomputationareall
but gone,asthebackgroundlayerprovidesblurringbehindthelong
thin in-focusmidgroundleaves.

Thereisoneseeminglyarbitrarychoicein thealgorithm:thethresh-
oldblur sizethatseparatesthemidgroundfromthebackground.For
thehighestpossiblequality, onecanperformthisbackgroundcom-
putationat a numberof differentthresholdschosenon a log scale,
andthenmatteamongall thedifferentlayersbasedon thecircle of
confusionof eachpixel. While this approachdoesprovide a slight
improvement,theresultwith a singlebackgroundlayerworkswell
enoughin ourexperiencethatweconsiderextrabackgroundlayers
to begenerallyunnecessary.

Figure 4: Thesepicturesshow the sizesof the circles of confu-
sionat eachpixel, with darkregionscorrespondingto smallcircles
(more in focus) and light regions correspondingto larger circles
(lessin focus). The left imageherecorrespondsto Figure3's top
right image,andtheright imagecorrespondsto Figure3's bottom
left image.

3.2 Blurring On Top

Thereis a little-discussed,yet fundamentallimitation of the post-
processingmethodthatariseswith very blurry foregroundobjects.
When a foregroundobject getsvery blurry, it begins to become
transparentbecauseawideenoughapertureallowsacamerato col-
lect rays that go fully aroundthe object. If the apertureis suf�-
ciently wide, the transparency canbealmostcomplete.The lower
right imagein �gure 6 showsanexampleof thisphenomenon.Even
thoughwearelooking throughafence,thecameraapertureis wide
enoughthat the foregroundfencehasbecomealmostcompletely
invisible.

The problem when a foreground object becomestransparentis
what to show behind it. A postprocessingmethodas described
by PotmesilandChakravarty [1981] hasno informationaboutthe
scenebehindtheveryblurry foregroundobjectandcannotproduce
a high-qualityresult. In particular, if theblurry foregroundobject
obscuresa sharpmidgroundobject,thereis no way for suchanal-
gorithmto createthehigh-frequency detailon theobscuredobject.
A casein point is theAmerican�ag in �gure 6. No postprocessing
algorithmcanbeexpectedto inventtheadditionalstripesin the�ag
thatareobscuredin thepinholecameraview in theupperleft, yet
areneededto produceaproperimagein thelower right.

Only by supplementingtheinput to apostprocessingalgorithmcan
we hopeto achieve a high-qualityresult. Herewe considerwhat
canbedoneif the input canbeseparatedinto differentlayers. To
producetheimagesin �gure 6, we have takenasinput,not only an
RGBZ imageasbefore,but alsoa separateRGBZa layer for the
fencealone.

Theextensionof ouralgorithmto foregroundobjectsin separateel-
ementsis relativelystraightforward.Aswith ourcomputationof the
backgroundlayer, webegin by diffusingthecirclesof confusion.In
thiscase,theweightsgaregivenby thea channelof theforeground
input. Having calculatedthesenew circlesof confusionwe diffuse
notonly theinputcolors,but alsotheinputa , with g againgivenby
theforegrounda channel.Finally, we take thediffusedcolorsand
alphachannelfor theforegroundlayerandcompositethemoverthe
previouslydescribedmidground/backgroundblend.Figure6 shows
theresults.



4 Implementation

The key to a fast implementationof our DOF computationis the
ef�cient solutionof the tridiagonalsystemin equation10. While
previousauthorshave successfullydevelopedsolversfor a variety
of linearsystemsongraphicshardware,noneof thepublishedalgo-
rithmsareappropriatefor thisparticularcase.Thegenerallinearal-
gebraframework of KrügerandWestermann[2003]supportsmem-
ory layoutsfor both denseandsparsematrices,including banded
matrices,but doesnot provide solversspeci�c to bandedor tridi-
agonalmatrices.Galoppoet al. supportboth Gauss-Jordanelimi-
nationandLU decompositionon theGPU,but only for densema-
trices [2005]. GPU-basedconjugategradientsolvers [Bolz et al.
2003;Goodnightetal.2003;Hilleslandetal.2003]areiterativeand
donot takeadvantageof thespecialpropertiesof bandedor tridiag-
onalmatrices.Moreover, for bandedor tridiagonalsystems,direct
methodsaregenerallymuchfasterandbetterconditionedthaniter-
ative techniques.

We begin by describingthe datastructuresnecessaryfor our im-
plementation,thendescribeour implementationof our solutionto
theheatdiffusionequation,includingoursolverfor tridiagonalsys-
tems,on theGPU.

4.1 Data Layout

In our implementationwe must represent2D arraysof input and
outputvalues(suchascolorsor depths,oneper screenpixel) and
a tridiagonalmatrix. Representinga 2D array is straightforward:
2D arraysarestoredas2D textures,with individual entries(colors
or depths)storedastexels (RGB for colors, �oating-point scalars
for depths).The structureof the tridiagonalmatrix lendsitself to
storageasa 1D array. Eachrow of a tridiagonalmatrix contains3
elements(an, bn, andcn); thoseelementsarestoredin asingletexel
as R, G, and B. We can thus representa 1D array of tridiagonal
matricesin asingle2D texture,with entriesin thetridiagonalmatrix
in thesametexel positionsastheir correspondingentriesin the2D
arraysof inputsor outputs.

We note that a tridiagonal systemis a particular type of a re-
currenceequationand as such, can be ef�ciently solved in par-
allel using the scan primitive [Blelloch 1990]. In graphics,
Horn recentlyusedscanto implementan O(nlogn) streamcom-
paction primitive [2005]. The logarithmic forward-propagation-
back-propagation structureof our cyclic reductionis also a type
of scan;our implementationrunsin O(n) time.

4.2 Algorithm Implementation

Sinceweareusinganalternatingdirectionsolver, our implementa-
tion will �rst solve for all rows andthenusetheresultsto solve all
columnsin parallel.Ouralgorithmrequiresfour steps,all of which
exploit the parallelismof the GPU: constructtridiagonalmatrices
for eachrow in parallel,solve thesystemsof matriceson eachrow
in parallel,thenrepeatthosetwo stepson thecolumns.In thedis-
cussionbelow, we userow terminology, but otherthana necessary
transpose,theprocedureis thesamefor columns.

We begin by computingthe tridiagonalmatrix on the GPU. We
cando so with a singleGPU pass,computingall matrix rows in
parallel; eachrow only needsthe thermalconductivity and input
coupling coef�cient from itself and its immediateneighbors. At
theend,for anm£ n image,wehave n m£ m tridiagonalmatrices,
eachcorrespondingto a row of theinput image,storedasrows in a

1: for L = 1: : : log2(N + 1) ¡ 1 do
2: for j = 0: : :2¡ j (N + 1) ¡ 2 do
3: a Ã aL¡ 1

2j+ 1=bL¡ 1
2j

4: g Ã cL¡ 1
2j+ 1 / bL¡ 1

2j+ 2

5: aL
j Ã ¡ (a aL¡ 1

2j )

6: bL
j Ã bL¡ 1

2j+ 1 ¡ (a cL¡ 1
2j + gaL¡ 1

2j+ 2)

7: cL
j Ã ¡ (gcL¡ 1

2j+ 2)

8: yL
j Ã yL¡ 1

2j+ 1 ¡ (a yL¡ 1
2j + gyL¡ 1

2j+ 2)

9: yM¡ 1
0 Ã yM¡ 1

0 =bM¡ 1
0

10: for L = log2(N + 1) ¡ 2: : :0 do
11: for j = 0: : :2¡ j (N + 1) ¡ 2 do
12: jp Ã j=2
13: if j is oddthen
14: yL

j Ã yL+ 1
jp

15: else
16: yL

j Ã (yL
j ¡ cL

j y
L+ 1
jP ¡ aL

j y
L+ 1
jP¡ 1)=bL

j

Figure 5: Pseudocodefor our GPU-compatiblecyclic reduction
tridiagonalsolver. aL

j , bL
j , and cL

j refer to the matrix entriesfor
row j in level L of thehierarchy of solutions,andyL

j is anelement
of the solutionvector. Note that the above forward andbackward
substitutioncomputationsareboth parallelizableandrely only on
gathermemoryaccesses.

singlem£ n texture.Wesolveeachof thesen systemsin parallelto
producen solutionsto the1D heatdiffusionequation,eachsolution
correspondingto a row of theinput. For clarity below, we describe
only thesolutionof asinglerow.

As we noted in Section3, LU decompositionis the traditional
methodfor solvinga tridiagonalsystem.Unfortunately, eachstep
in the forward andbacksubstitutionsof a LU decompositionre-
lies on thepreviousstepandhencecannotbeparallelized.Instead,
weusethemethodof cyclic reduction[Hockney 1965;Karniadakis
andKirby II 2003],aparallel-friendlyalgorithmoftenusedonvec-
tor computersfor solving tridiagonalsystems,as a basisfor our
implementation.

Cyclic reductionworks by recursively usingGaussianelimination
on all the odd-numberedunknowns in parallel. Figure5 contains
pseudocodefor thecyclic reductionalgorithm.Duringelimination,
eachof the odd-numberedunknowns is expressedin termsof its
neighboringeven-numberedunknowns, resultingin a partial solu-
tion andanew system,eachwith half thenumberof equations(Fig-
ure5, lines1–8). Theprocessis repeatedfor logm stepsuntil only
oneequationremains(Figure5, line 9) alongwith a hierarchy of
partial solutionsto the system.Next, the solutionto this equation
is fed backinto thepartialsolutions,andafter logm stepsto prop-
agate the known resultsinto the partial solutions(Figure5, lines
10–16),thesystemis solved.While cyclic reductionrequiresmore
arithmeticthananLU solver, it still takesonly a constanttime per
unknown andis amenableto anef�cient GPUimplementation.

In our implementation,in eachrow, eachpixel is associatedwith
oneinputelementaswell asto onerow of thetridiagonalmatrix. In
the forwardpropagationstep,a passthatbeginswith m unknowns
will producea new systemwith m=2 unknowns;becauseeachnew
systemproducestwo outputmatricesof half thesize,we allocatea
pyramid of texturesat the outsetof our computation,requiringan
aggregateadditionalamountof storageequalto twicethesizeof the
original tridiagonalmatrix texture. We alsorefactorthetraditional
descriptionof cyclic reductionsothatthecomputationof anoutput



elementk requiresdatafrom inputelements2k¡ 1, 2k, and2k+ 1.
Expressingourcomputationin thiswayenablestheGPUto runthe
sameprogramon every pixel, enablinghigh performance.Justas
importantis that it alsoallows the GPU to leverageits ability to
readrandommemorylocations(gather)without requiringwritesto
randommemorylocations(scatter).

5 Results

Figures1 and2 show several imagesgeneratedwith our DOF al-
gorithm; the inputsto our algorithmwereinput imageswith color
anddepthinformationat every pixel. Figure6 shows a seriesof
imagesgeneratedwith the3-layervariantof our algorithm,where
wecompositethenear-�eld fenceatopthemid- andfar-range�ags
andmountains.Theseimagesarealsopart of the accompanying
video.

5.1 Runtime and Analysis

We implementedour DOF systemon a 2.4 GHz Athlon 64 FX-53
systemrunningWindowsXP with anNVIDIA GeForce7800GPU.
Our implementationhasimage-spacecomplexity so its runtimeis
strictly a function of the imagesize. Using just the background
and midgroundlayers,on a 256£ 256 image,we sustain80–90
framespersecond;on 512£ 512 image,we sustain21–23frames
persecond;andona1024£ 1024image,wesustain6–7framesper
second.At 1k by 768resolution,with theseparateforegroundlayer
addedfor the �ag imagesin the accompanying video, the frame
ratedropsto 3–4framespersecond.Notethatthe�ag sequencein
thevideowascomputedandrecordedat 1k by 768resolution,and
later downsampledto keepthe video sizereasonable.In all cases
theperformancescalesapproximatelylinearly with thenumberof
pixels.

Theperformanceof ouralgorithmis suitablefor usein high-quality
�lm preview applicationssuchasthosewetargetwith ourwork,and
we expectthatfurtherimprovementsin next-generationGPUswill
soonallow this techniqueto beusedin real-timeentertainmentap-
plicationssuchasgames.Therunningtimeof ouralgorithmis lim-
ited by the performanceof the fragmentprogramthat implements
thetridiagonalsolver. In general,increasesin eitherthespeedor the
numberof fragmentunitson graphicshardwarewill directly scale
theperformanceof oursystem.

5.2 Limitations

As wediscussedin Section3,ourADI solutionof theheatequation
yieldssolutionsthatapproximatea Gaussianpoint-spreadfunction
acrossthe circle of confusion. The technicalterm for the point-
spreadfunction in this context is “bokeh”; choosingother distri-
butionscorrespondsto differentlenseffects. Becausethe Green's
function of the diffusion equationis a Gaussian,generatingother
distributionswould beproblematicfor our technique.Fortunately,
the Gaussiandistribution is a physically meaningfuland interest-
ing one; Buhler and Wexler indicate that such a distribution of
light producesa “smooth” or “creamy” effect “similar to a Leica
lens” [2002].

OurADI solutionbreaksup thecomputationinto separatehorizon-
tal andvertical passesthat could potentiallyproduceanisotropies.
Any issueswith anisotropiescouldbemitigatedby takingmultiple
diffusionsteps;we have not seenany severeanisotropiceffectsin
practice.

6 Conclusion

In this work, we have introduceda new depth-of-�eld post-process
algorithmthatusesa heatdiffusion formulationto calculateaccu-
rateDOF effectsat real-timerates. Unlike previous methods,our
algorithmachieveshigh quality andinteractive speedat the same
time. It properlyhandlesboundariesbetweenin-focusandout-of-
focusregions,while attaininginteractive frameratesandconstant
computationtime per pixel. Our implementationof the algorithm
alsointroducestheuseof cyclic reductionto theGPUworld using
GPU-friendlygathermemorypatterns.Thereal-timeperformance
of our systemmakesit suitabletodayfor interactive �lm preview,
andcontinuedadvancesin the performanceof graphicshardware
will likely also make it attractive soonfor gamesandother real-
timeapplications.
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